Starting from the Dyson-Beliaev and generalized Gross-Pitaevskii equations with an extra nonlocal potential, we derive an exact expression of the two-particle Green's function K for an interacting Bose-Einstein condensate in terms of unambiguously defined self-energies and vertices. The formula can be a convenient basis for approximate calculations of K. It also tells us that poles of K are not shared with (i.e. shifted from) those of the single-particle Green's function, contrary to the conclusion of previous studies.
We here apply the functional-differentiation method to an interacting Bose-Einstein condensate to obtain an exact expression of K. The formula can also be used for practical calculations of K with the self-consistent Φ-derivative approximation of condensed Bose systems developed recently. 12 Our derivation is based solely on rigorous results of the previous paper. 12 It will thereby be shown that poles of K are not shared with those ofĜ, contrary to the previous conclusion. [4] [5] [6] [7] Unlike the previous studies for homogeneous systems using the momentum conservation, 4-7 our formulation will be carried out in the coordinate space so that it is applicable to trapped atomic gases.
We consider identical Bose particles with mass m and spin 0 described by the Hamiltonian:
×ψ † (r 2 )V (r 1 − r 2 )ψ(r 2 )ψ(r 1 ).
Here ψ † and ψ are field operators satisfying the Bose commutation relations, K 1 ≡ −h 2 ∇ 2 1 /2m − µ with µ the chemical potential, and V is the interaction potential. Though dropped here, the effect of a trap potential can be included easily in K 1 . Let us introduce the Heisenberg representations of the field operators by
with 1 ≡ (r 1 , τ 1 ), where 0 ≤ τ 1 ≤ T −1 with T the temperature in units ofh = k B = 1. The operators ψ 1 (1) and ψ 2 (1) were denoted previously 12 by ψ(1) andψ(1), respectively. We next express ψ i (1) as a sum of the condensate wave function Ψ i (1) ≡ ψ i (1) and the quasiparticle field φ i (1) as
with · · · the grand-canonical average in terms of H. Note: (i) φ i (1) = 0 by definition; and (ii) Ψ 1 (1) = Ψ * 2 (1) = Ψ(r 1 ) in equilibrium with the superscript * signifying complex conjugate. Using φ i , we introduce our Matsubara Green's function in the 2 × 2 Nambu space by
where T τ denotes the "time"-ordering operator. 13 They satisfy 
respectively. Here summations over barred arguments are implied,σ 0 andσ 3 denote the 2 × 2 unit matrix and the third Pauli matrix, respectively,
withΣ the self-energy matrix. We point out that the first component of Eq. (6b) in equilibrium is written ex-
2 for V (r 1 − r 2 ) = gδ(r 1 − r 2 ), it reduces to the standard Gross-Pitaevskii equation.
14-16
Setting Ψ → √ n 0 and K → −µ with n 0 the condensate density in the same equation, we also obtain the Hugenholtz-Pines relation for the homogeneous system.
12,17
It has been shown 12 that the elements ofΣ satisfy the same relations as Eq. 
The functional Φ also satisfies Eq. (21b) of Ref. 12, i.e.,
With these preliminaries, we now study the twoparticle Green's function:
Collective modes correspond to the poles of this Green's function. To derive the equation for K, we follow a standard procedure to produce the two-particle Green's function fromĜ. 8, 9 Let us add an extra perturbation described by the S matrix:
with β ≡ T −1 . The full Matsubara Green's function in the presence of the nonlocal potentialÛ ≡ (U ij ) is defined by
where the subscript c denotes contribution of those Feynman diagrams connected with ψ i (1) and/or ψ 3−j (2) . Noting that there may be the finite average
; this quantity reduces to Eq. (4) asÛ →0. It may be seen easily that two-particle Green's function (9) is obtained from Eq. (11a) by
where the limitÛ →0 is implied after the differentiation; we will use this convention below. A substitution of Eq. (11b) into Eq. (12a) yields
Equation (12b) tells us that we only need to know the linear responses ofĜ and Ψ toÛ for writing K down explicitly.
To carry it out, we start from Eq. (6). Differentia-
c with respect to τ 1 tell us 8,9 that perturbation, Eq. (10), adds to the right-hand side of Eq. (7) an extra term −Û ′ (1, 2) with
VaryingÛ →Û + δÛ and subsequently settingÛ =0 in resultant Eq. (6), we obtain the first-order equations,
At this stage, it is convenient to introduce the following quantities:
∼ Γ 
where Eq. (8) has been used to derive the second expression of Γ (4, 3) . These are "irreducible" vertices of our condensed Bose system, as seen below, and can be expressed diagrammatically as Fig. 1 
Note G il (1,4)Gk j (3, 2)δU
(43, 56). To provide Eq. (17) with a compact expression, let us introduce the vectors δ G and δ U by 12 ij |δ G = δG ij (1, 2) , 12 ij |δ U = δU ij (1, 2) , (18) together with the matrices K,
The quantity χ (0) describes independent propagation of two particles.
Using Eqs. (18) and (19) and noting the comments below Eq. (17b), we can express Eq. (17) 
σ 3 δ Ψ. They are further transformed into
where χ (4) and χ (0) are defined by 
It is also convenient to introduce
where the superscripts q and c denote "quasiparticle" and "condensate," respectively. 
Let us substitute Eq. (22) into Eq. (12b) and make use of Eq. (19) as well as
We thereby obtain K defined by Eq. (19a) as
This expression clearly tells us that collective modes are determined as poles of χ (q) andχ (c) . Note in this context that poles of χ (4) in Eq. (23) are cancelled by those of χ (4) in the denominator ofχ (c) , as seen from Eq. (21d). It also follows from Eq. (21d) that the poles ofχ (c) are generally not identical to those of the single-particle Green's functionĜ due to the additional contribution 3) , in contradiction to the statement by Gavoret and Nozières. 4 This point will be discussed in more detail below.
Equation (23) with Eqs. (15), (19), and (21) is the main result of the present paper. The expression is formally exact, clarifies the structure of the two-particle Green's function K in terms of unambiguously defined vertices, and enables us to carry out practical calculations of K for a given approximate Φ on the same footing as thermodynamic and single-particle properties. 12 The last point may be regarded as a definite advantage of the present formalism over the dielectric one.
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Equation (23) in the coordinate representation can be used to investigate two-particle correlations of general inhomogeneous systems, including homogeneous ones. For the latter cases, however, it is far more convenient to adopt the "energy"-momentum representation. To be specific, vertices (15) in those cases can be expanded as
where r 1 ≡ (r 1 , −τ 1 ), p ≡ (p, ε n ) with ε n ≡ 2nπT (n = 0, ±1, · · · ), and the summation over p denotes 
respectively, where δ p ′ p ≡ (2π) 3 T −1 δ(p ′ − p)δ n ′ n and n 0 denotes the condensate density. It then follows that Eqs. 
